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D Abstract 

^.' 

In warped models that solve the hierarchy problem, there is generally no dynamical rela- 

^\i , tion between the size of the fifth dimension and the scale of electroweak symmetry breaking 

^ I (EWSB). The establishment of such a relation, without fine-tuning, requires that Casimir con- 

^^ ■ tributions to the radion potential not exceed the energy density associated with EWSB. Here, 

\^ . we examine the use of supersymmetry for controlling the Casimir energy density and making 

CN I quantum contributions calculable. We compute the effects of supersymmetry breaking at the 

C^ ' UV and IR boundaries of warped backgrounds, in the presence of brane localized kinetic terms. 

Various limits of supersymmetry breaking are examined. We find that when supersymmetry 

is broken on the UV brane, vacuum contributions to the radion potential can be controlled (as 

likely necessary for EWSB to govern the radion potential) via small soft masses as well as a 

"double volume suppression." Our formalism can also provide a setup for radion stabilization 

by bulk fields, when supersymmetry is broken on both the UV and the IR branes. 



1 Introduction 

An interesting resolution of the gauge hierarchy problem is offered by warped models based on 
the original Randall-Sundrum (RS) geometry \i\ which is a slice of the 5D Anti de Sitter (AdSs) 
spacetime. This geometry, characterized by a curvature scale k, is bounded by flat walls, often 
referred to as the UV and IR branes. In these models the fundamental 5D scales of the theory, 
perhaps near the 4D Planck scale Mp ~ 10^^ GeV, redshift to the weak scale of order 1 TeV as one 
goes from the UV brane to the IR brane. The redshift is caused by an exponential warp factor and 
a Planck- weak hierarchy of order 10^^ can be achieved if the size L of the extra dimension satisfies 
kL > 30. In addition, placing the Standard Model (SM) gauge [21 [3] and fermion ^ content in 
all 5D can yield a realistic explanation of 4D flavor [5J, where heavy fermions are localized towards 
the source of the electroweak symmetry breaking (EWSB) on the IR brane, while light fermions 
are UV-brane localized, so that their small masses arise from an exponentially small wavefunction 
overlap with the IR brane. 

While many features of the SM can be accommodated and explained in warped scenarios, quite 
often the scale mw ~ 10^ GeV of EWSB is simply assumed to be set by the IR-brane physical scale 
k = ke~^^. Since various bounds from precision and collider phenomenology favor A; > 1 TeV, this 
often reintroduces some level of fine-tuning into the models. It would then be interesting to find a 
dynamical mechanism whereby EWSB sets kL near the requisite value, and that naturally leads to 
a separation between my/ and k. As the size of the extra dimension is controlled by the dynamics 
of the radion scalar, one would like to generate an appropriate potential for the radion through 
EWSB. 

In fact, such a model was proposed in Ref. [^, where the condensation of IR-localized top 
quarks of the SM is triggered by strong interactions mediated by Kaluza-Klein (KK) gluons. This 
condensation breaks the electroweak symmetry and through its radion- dependence can also stabilize 
the size of the fifth dimension. In this top-condensation scenario, the IR-bane scale is set by 
/c ~ 10 TeV, which has the added benefit of avoiding most severe constraints on warped models, 
while providing a GeV-scale radion as its low energy signature [6l [7] . Due to the dynamical nature 
of the condensation, the separation between the IR-brane scale and the weak scale is natural. 
However, one has to assume that other contributions to the radion potential would not overwhelm 
the electroweak contribution. In particular, one may naively expect that the corrections from zero- 
point energies of bulk fields to the radion potential (which contain the calculable Casimir energy) 
are of order A^/(167r^), where the effective theory cutoff-scale A ~ 47rA;. 

Given the above situation, either one has to resort to a severe fine-tuning, or else find a way 
to suppress such cutoff scale effects. In this work, we adopt the second possibility and examine 
how supersymmetry (SUSY) can be used to protect the radion potential from too large cutoff 
dominated contributions. Since in the limit of exact SUSY all vacuum energies cancel out, in 
supersymmetric scenarios the full radion potential is expected to be far less sensitive to the cutoff. 
We will consider soft supersymmetry breaking by localized mass terms on both the UV and the IR 
branes. In addition, we allow for the presence of brane kinetic terms (BKTs), which are expected 
to be induced radiatively, and that are known to have a strong effect on the KK spectrum [HI l^tfTU]. 
We find that when SUSY is broken on the UV brane, this vacuum energy contribution is of order 
k'^m\/{lQ'iT^kL), where mx is the physical mass of the (would-be zero-mode) gaugino. Hence, there 



is a suppression from the dependence on soft masses, as well as an additional volume-suppression. 
This result suggests that a supersymmetric version of the scenario presented in Ref. [6] may be 
realizable without the need for fine-tuning. Even though dynamical EWSB scenarios, which will 
be pursued in Ref. [H], provide our basic motivation for this study, we will also consider the effect 
of a supersymmetric bulk in other contexts. In particular, in models where the Casimir energy is 
responsible for generating the radion potential [121 [ISl El US] , the success of the mechanism depends 
on the size and sign of certain contributions that are in general not calculable. We show how a 
supersymmetric framework with SUSY broken at a high scale may realize the radion stabilization 
mechanism by gauge fields proposed in Ref. [11]. The above radion stabilization mechanisms are 
distinct from stabilization by bulk fields that acquire vacuum expectation values (VEV's) at tree 
level, as in Ref. [16]. Related work has appeared in Refs. [T7 1 [T8 l [19]. 

The structure of this paper is as follows. In the next section, we consider the case of a bulk scalar 
field, with brane localized masses and kinetic terms, and evaluate the radion potential generated 
by the Casimir effect from the scalar. The results are sufficiently general to be applied to fields 
of arbitrary spin that obey arbitrary boundary conditions. We provide such a generalization to 
particles of different spin in Section |3l We apply our results to study scenarios in which supersym- 
metry is broken on the UV or IR branes, as may be relevant in different models, in Sections HI We 
present our conclusions in Section |5l followed by Appendices \M (conventions for KK reduction) and 
IBJ (approximate expressions for the radion potential in various limits). 

2 Radion Potential from Scalar Fields 

In this section, we summarize the results for the radion potential at one-loop order in warped 
backgrounds. Since this potential arises through the radion- dependence of the KK masses associated 
with bulk fields propagating in compact dimensions, we focus on describing the spectrum of such 
fields. The spectrum depends on the quadratic terms in the action (including both bulk and brane- 
localized operators), as well as on the boundary conditions. Since the results for fields in different 
spin representations of the Lorentz group can be expressed in terms of those of a scalar field, we 
start with the real scalar case. For reference, further details regarding the boundary conditions, the 
KK decomposition, orthonormality relations, etc. are relegated to Appendix |X| 

2.1 Bulk Fields with Brane-Localized Terms 

We consider a slice of AdSs: 

ds^ = e-^''yr]^^dx^dx^ - dy^ , (1) 

where k is the AdS curvature and y G [0,L] parametrizes the fifth dimension. The action for a free 
real scalar field is 

S = Jd^x j dy^l i/^^9M$5;v$ - ^M2<|.2 + 25iy)Co + 25(y - L)£ J , (2) 



where the brane-locahzed terms are given by ^ 

Co = ]^ruvg^''d^^d,^-]^Moe , (3) 

Cl = King^'^d.^d.^-^^ML^^ . (4) 

The kinetic coefficients ruv and tjr have mass dimension —1, while Mq and Ml have mass dimen- 
sion 1. It is convenient to introduce a dimensionless parameter a (that we will call the "index" of 
the field) and new mass parameters muv and mm by writing the bulk and localized masses as 

M2 = [a" -A)k\ (5) 

Mo = -{a-2)k + muv , Ml = {a-2)k + mm . (6) 

Performing the KK decomposition in the usual manner (see Appendix |A]) , one finds that the KK 
spectrum, m^, is determined by ^ 

F{mJk)^Ji^[^e'^)Y:^^[^)-jr{^)n\^^^^ =0, (7) 

where L is the radion VEV. Here, we have introduced the functions 

Jl^'iz) = zJ^_.,{z)+buv{z)Ja{z) , (8) 

J'fiz) = zJ^_^{z)-bin{z)Uz) , (9) 

with analogous expressions for Y^^{z) and Y^^{z), and defined 

bi{z) = hz^-rhi, i = UV,IR (10) 

by using the dimensionless parameters mi = m,i/k, fi = kvi. 

For rhuv = "^ir = (the SUSY limit) there is a scalar zero-mode with an exponential profile 
controlled by the dimensionless parameter a (see Appendix I A. 21 for details). This profile coincides 
with that of a 5D fermion with a bulk Dirac mass term written as M = ck, where a = c + ^ [1]. 
We will refer to fields with a < 1 as "IR localized fields", those with a = 1 as "fiat fields" and 
those with a > 1 as "UV localized fields". When m^/y and/or rhjfi deviate from zero, the scalar 
zero-mode is lifted: for positive rhuvjR it becomes massive, while for negative muv,iR ^ tachyonic 
mode appears. Note also that one can interpolate between Neumann-type boundary conditions 
(setting mj = 0) and Dirichlet boundary conditions {m,i — )■ oo) on the z*^ (= UV or IR) brane, and 
therefore our results are sufficiently general to capture the dependence of the radion potential on 
the choice of boundary conditions for the bulk field. 

It is also worth pointing out that, when fj = rhj = 0, the massive KK spectrum is identical for 
fields with index a = 1 + Sa and fields with index a = 1 — 6a, for any 6a, as can be easily checked 
from Eq. ([7]). However, non- vanishing fj and/or m^ introduce a distinction between the KK spectra 
of UV versus IR localized fields. 



^For simplicity, we restrict to brane kinetic terms involving only /x derivatives, but the same methods can be 
easily generalized to include arbitrary BKTs by using the appropriate eigenvalue equation. This may require an 
appropriate classical renormalization when d^ derivatives are involved 20 . 

^Ja and Ya {la and Ka) are the (modified) Bessel functions of the first and second kind, respectively. 



2.2 One-Loop Effective Potential 

The presence of fields propagating in a D-dimensional spacetime with D — A compact dimensions 
generically leads to a vacuum energy that depends on the overall volume of the extra dimensions 
as well as on the various shape moduli. For a single compact extra dimension one simply gets a 
potential for its size L, given at one-loop order by 

where the radion dependence enters through the spectrum, mn{L). Here the integration is over 
Euclidean momentum and /x is the renormalization scale. Eq. (TTT]) is the contribution due to a 
bulk real scalar, but we will consider other types of fields in Section [31 In this work, we will as- 
sume that the backreaction due to the one-loop vacuum energy is small, so that the AdSs metric 
of Eq. ([T]) gives a good approximation. The effective potential contains divergent pieces that cor- 
respond to a renormalization of the 5D cosmo logical constant, as well as of the IR and UV brane 
tensions. The first two lead to radio n-dependent terms that behave like e~'^^^. Additionally, there 
are calculable terms, usually referred to as the Casimir energy, that can have a more complicated 
radion dependence and can sometimes stabilize the distance between the branes [H]. In order 
to exhibit the various radion-dependent contributions, one can evaluate Eq. f lTT]) using standard 
methods based on (^-function regularization. The regularized radion potential has been computed 
in Refs. [121 [131 [H [15] , and takes the form 

V,s{L) = ^ [Xuv + e-^'^^X/fi] + Vc^^,{L) , (12) 

where the "Casimir energy" is given by ^ 

kL roo T?IR/^\ TUVu^-kL\ 

(13) 



r,4 -4fcL roo 
IbTT^ Jo 


1 Ki\t)Pj{te-^') 


and the "generalized" Bessel functions are defined by 


i^rW = zK^^,{z) -huv{z)K^{z) , 


I^^'iz) = zIo^^^{z) + huv{z)Uz) , 


ki\z) = zK^.i{z) + bjR{z)K^{z) , 


Pf{z) = zl^_,{z)- 


biR{z)Uz) . 



(14) 
(15) 
(16) 
(17) 

Here, bi{z) = —fiz"^ — rhi has an additional minus sign in the first term compared to Eq. (TTOj) as a 
result of the Wick rotation involved in obtaining Eq. (TT2|) . 



•^Throughout this work, the designation calculable refers to effects that are insensitive to the physics near or above 
the cutoff of the 5D effective theory. Here, we will refer to Eq. (fT3|) as the "Casimir energy" , even though it can 
contain terms that scale like e"^*^^, exactly as the IR brane tension contribution, and that should not be considered 
calculable in generic theories. 



The terms proportional to Xuv and Xir in Eq. (TT2|) correspond to UV and IR brane tension 
renormalizations, respectively. {Tjjv depends only on the UV quantities rhuy and f^/y, while X/^ 
depends only on the IR quantities rhiR and fiR.) Such contributions are in general uninteresting, 
since there are additional incalculable (and most likely larger) contributions that renormalize the 
brane tensions. Hence, we will focus on the Casimir term in what follows. 

2.3 The Casimir Energy 

The Casimir energy contribution to the radion potential, Eq. ( 1T3l) . which contains the 5D non-local, 
and therefore calculable, terms has been computed in the hterature [111 [131 E]- Although the 
expression given in Eq. ( ITSj) can be easily evaluated numerically for any value of L, and for fixed 
values of the parameters in the Lagrangian: a = c+ 1/2, irii and r^ {i = UV or IR), it is useful to 
have analytic approximations that make the radion dependence more explicit. We derive general 
expressions for the case that e~^^ ^ 1 in Appendix [Bl These result from the fact that the radion 
dependence is fully contained in the "UV factor" /^^(te~^^)/i^^^(te~^^), which can legitimately 
be approximated by a small argument expansion of the Bessel functions. Thus, the functional 
dependence of the Casimir energy on L is determined by the UV quantities. In particular, one finds 
that rhuv defines a characteristic scale Lt according to ^ 

e^^^'^rhuv = 1 , for a > 1 , 

or (18) 

g2afcLT^^^ = 1 , for a < 1 . 

As shown in Appendix IA.2| the above transition signals whether a KK state parametrically lighter 
than the KK scale, ke~^^, exists or not. For L ^ Lt ("large muv") and a > 0, one finds 

^4^-2(2+a).L 2^-2a ^rnuv -2a) r,^,,^2aKi^{t) 



^g^2 niuvT{a)T{a + l)J, ilR{t) ' ^ ""^ 

while the expressions for a = and a < are given in Eqs. ( 158|) and ( l59l) of Appendix [B| respectively. 
For L ^ Lt ("small muv"), which is the case with a light would-be zero mode in the spectrum, 
but kL ^ 1, one has to distinguish several cases. For instance, for moderate localization of this 
mode near the IR brane, one finds 



-"^ 



^4g-4fcL rco 



Vbasimir ~ ^ / dtf^lia 







^ 2sm{7ra) Kj'^it) 
n im[t) 



for < a < 1 . (20) 



For the fiat case, a = 1: 



V^Casimir ~ .^ o 7 r i / '^* * fro ,,, , (21 j 

167r2 kL + ruvJo li=iit) 



*For a < 0, one has ULt <C 1, unless rhuv is exponentially large. 



where, for simplicity, we have ignored the numerically small Euler constant, as well as a ln(t/2) 
term that makes a relatively small difference [see third line in Eq. ( 160|) of Appendix [B] . Finally, for 
moderate localization near the UV brane one finds 

V^^^,, ^ -— ^ ^^ ^ ^ ^ — - / dte^^'^^^-^ , for 1< a < 2 . 

(22) 

The case of more extreme IR localization (with a < 0) is given in Eq. (!59|) . while for more extreme 
UV localization (with a > 2) the result can be easily obtained from Eq. (1601) of Appendix [Bl In 
Eqs. (1201) . (^T]) and (122]) . we have ignored terms subleading in rhuy. In SUSY theories that are 
softly broken by UV brane localized masses, the above leading contributions cancel out within a 
given supermultiplet, and one should keep the terms subleading in rhuv We postpone such an 
application to Section |H For the time being we simply make a few observations that follow from 
the previous results. First, when rhjjy is large in the sense defined above, the Casimir energy 
is suppressed by a factor e~^"^^ on top of the naive e~'^^^ expected from the scaling of the KK 
masses. This happens for any a > [see Eq. flT^ ]. Second, for small m^y, fields localized near 
the IR brane give a radion dependence identical to the one arising from an IR brane tension, up to 
exponentially small terms [see Eq. fl20|) ]. Third, as pointed out in Ref. [H], flat fields produce only 
a volume suppression [see Eq. (121]) ] that allows their contribution to be plausibly comparable to the 
IR brane tension contribution, and in certain cases can lead to radion stabilization. And finally, 
fields localized towards the UV brane give a contribution that is exponentially small compared to 
that of the IR brane tension [see Eq. (122]) ]. 

In applications, one often finds fields obeying Dirichlet boundary conditions on both branes. 
The contribution to the Casimir energy from such fields can be easily obtained by taking the limits 
rhuv -^ oo and rhiu — )■ oo [e.g. in Eq. (IT^ ]. For the Casimir energy part, one finds that for a > 0: 

T/(--) _ ^IR ^ -2(2+a)kL (r,o\ 

^Casimir ~ ^q 2 ^ ' ^^"^'' 



?(-.-) _ ^^ ^" /"°°j++3+2a^aW 



where 

^^ r(«)r(« + i)yo Ut) ^ ' 

depends only on the localization of the field. We plot i?}^' in Fig. [H which shows that it is always 
negative. Eq. ( 123]) shows that these effects are exponentially suppressed compared to the IR brane 
tension contribution. The exception occurs for a ^ 0, in which case one should use [see Eq. (158]) of 
Appendix IB] 



instead of Eq. (^^, setting a = in Eq. (12H]) . For a < 0, one finds [see Eq. (jSHD of Appendix IB] 
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Figure 1: B]n of Eq. flM|) as a function of a. This determines the contribution to the effective 



potential due to fields obeying 



boundary conditions according to Eq. 



one should use Eq. 
very small. 



25|) . but this detail is imperceptible in the figure when kL ^ I since Bjj^ is 



At very small a 



with rhiR —7- ool: 



Vr 
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Casimir 



k^e 



-AkL 



167r2 



dt t^ In 



1 + 



2sin(7ra) K^it) 



TT 



Ia{t) 



(26) 



In fact, in the case of vanishing BKT's, the (— , — ) contribution of a field with index a is identical 
to that of a field with vanishing localized masses and index a + 1 (see Section [3]). The results of 
this section will be used in Sections [3] and HI 



3 Higher Spins and SUSY Multiplets 

In this section we give a brief summary of the contributions to the radion potential from 5D fields 
of spin-1/2, 1, 3/2 and 2, and then give the results for the net effective potential from various 
SUSY multiplets. In general, these contributions can be simply expressed in terms of the effective 
potential due to a real scalar field, which was evaluated above. One finds 



v:r{L) = i-irnv^ 



^Real scalar 
eff 



(L) 



(27) 



where v^Reai scalar ^^^^ _ y^^^j^^j ig given in Eq. ( TT2l) and n is the number of physical degrees of 
freedom of a massive 4D field of spin s (taking into account whether the field is real or complex, 
in the bosonic case). Deriving the result above is straightforward for complex scalars or fermions, 
but requires adding a gauge-fixing term to the action for higher spins. One also has to include 
the associated Faddeev- Popov determinant, which simply cancels the spurious contributions to the 
potential from the gauge degrees of freedom. Here we just use Eq. 02 7p in our applications below 
(with n = 2 for complex scalars, n = 4 for fermions, n = 3 for (real) gauge bosons, n = 5 for the 



7 



graviton and n = 8 for the gravitino). Based on this, we can put together the total contributions 
to the radion potential due to (softly broken) SUSY multiplets. Since the compactification breaks 
the 5B N = 1 SUSY (4D A^ = 2) down to 4D A^ = 1 SUSY, it is useful to classify the field content 
in 4D N = 1 language. 

Starting with hypermultiplets, and listing only the on-shell fields, these consist of two 4D A^ = 1 
chiral multiplets: ($i,'?/'i) and ($2? '02)- If the pair ($i,'?/'i) has "localization parameter" (or index) 
a, then the second pair of fields, ($2? "^2); has index a — 1. Both $2 and 1^2 obey Dirichlet boundary 
conditions, so that they do not have zero-modes. For vanishing kinetic terms, f{/v = rj^ = 0, and 
arbitrary UV and/or IR localized masses for the complex scalar $1 (recall that $2 vanishes on the 
branes) the effective potential is: 



yUy^er 



h=o 



2 X V,s{L) 



=0;rhi 



+ 2xV}-'-\l) 



a-l 



4 X V,s{L) 



a:ri=0:rhi=0 



(28) 



where VesiL) is given in Eq. (fT2|) . and V^g' (L), which depends only on the index a, is the effective 
potential for a real scalar obeying Dirichlet boundary conditions on both branes [the (approximate) 
Casimir energy part is given in Eqs. (I24p . (125 p or (I26p . according to the value of a]. We have also 
indicated the index a of the "generalized" Bessel functions [see Eq. f lT^ - flT7|) ] to be used in each 
term. The fermions ipi and ip2 contribute together as a KK tower of Dirac fermions through the last 
term in Eq. ( |28|) . The total effective potential above vanishes in the SUSY limit, i.e. when mj = 0. 
Indeed, in this case the approximate expressions ( l20l) . ( 12T1) or ( l22l) for Vcasimir hold, depending on the 
value of a, and one can explicitly see that the Casimir energy contributions from the components 
of the hypermultiplet cancel out. More generally, the exact cancellations follow from 



^;(^) 



4W 



K-ii^) 



fi=0:mi=0 



Il-l{^) 



for i = UV, IR 



(29) 



=0;iTii 



which implies that the Casimir energies, Eq. flT3|) . are the same for a field with index a — 1 that 
obeys Dirichlet boundary conditions (obtained by taking rhi — )■ 00), and for a field with m^ = and 
index a {i.e. the KK spectra are identical in these two cases). 

When the brane kinetic terms are non-zero one has to be more careful, since supersymmetry 
requires that the action for the "odd" scalar field, $2? contain special singular terms on the branes. 
These can be derived by writing the SUSY action in 4D A^ = 1 language, following the formalism of 
Refs. [211 [22] , together with brane- localized minimal Kahler terms for the "even" chiral superfield, 
($i,'?/'i), and then integrating out the auxiliary fields. Besides brane localized terms (with d^ 
derivatives) for $1 and ipi, one finds that the bulk kinetic term for $2 should be replaced by 



|9M$2P ^ |5m$2| 



1 



E, 



i=UV,IR 



rt5{y - Vi 



\d,H^ , 



(30) 



where yuv = and yiR = L, while r^ are the brane kinetic coefficients for $1 and i/ji. This is 
reminiscent of the singular terms first pointed out in Ref. [23], and implies that the equation of 
motion for $2 is identical to the second order differential equation of motion obeyed by '02- In 
particular, the spectrum of $2 at the massive level is identical to the fermion one, as shown in 



Ref. |20]. The latter one coincides with that of a scalar with rhi = and arbitrary brane kinetic 
coefficients ri [10]. Note that although $2 obeys Dirichlet boundary conditions on both branes 
(hence no brane mass terms for $2 are allowed), the singular terms of Eq. (!30l) were not taken 
into account in the derivation of the effective potential due to real scalars above. In particular, the 
contribution to Ves from $2 does not simply correspond to the limit m, — )■ cxd of Eq. ( IT2l) (except 
when fj = 0). However, since the one- loop effective potential, Eq. (1111) . depends only on the KK 



spectrum, we can immediately write down the contribution from $2 as 2 x 
Ves{L) is given in Eq. flT2|) . Therefore, we can generalize Eq. fl28l) to 



Ves{L)\ 



mi=Oi 



where 



T/Hyper 



2 X Kff(^) 



- 2 X Kff(^) 



a;ri;mi 



a;ri;rhi=0 



(31) 



where the contribution from the "odd" scalar precisely cancels half of the fermion contribution. 

For the 5D gauge supermultiplet, consisting of a vector superfield {A^,Xi) with index a = 1, 
and a chiral superfield (S + lA^, A2) with index a = 0, one has 



T/Vector 



4 X V,s{L) 



a=l;fi;'rhi=0 



-4x Kff(^) 



a=l\fi\rhi 



(32) 



where the second term comes from the gauginos (here rhi denote brane localized Majorana masses), 
while the ffist one arises from Am (including A^ and the associated Faddeev-Popov ghost contribu- 
tions) plus the term arising from the odd (real) scalar S. In the presence of BKT's, the action for 
the latter field (after integrating out the auxiliary components) contains singular terms of the form 
( l30l) that ensure that the KK spectrum of the E field is identical to the gaugino KK spectrum with 
rhj = (see Ref. [2U] for details), and its contribution is therefore identical to the gauge boson one 
for any fj. 

The 5D supergravity multiplet has the following propagating degrees of freedom: the fiinfbein 
e;^, a (Dirac) gravitino ^ m^ and a vector field Bm (the graviphoton) [2^ (see also Ref. [25]). The 



fields containing zero-modes are (e^, 65, -B5, '?/'^, V'5'), and their KK wavefunctions have index a = 2. 
The remaining fields, (cg, e^, 5^, 'ipa,'ip^), obey Dirichlet boundary conditions and have index a = 1. 
Here 5 denotes the fifth tangent space index, and -ip^j = 4= {tpl^ ± ^Pm) where tp\j are the two Weyl 
components of \1/a/. At each KK level n ^ 0, the KK gravitons, f/^^, and KK graviphotons, B^, 
gain mass by eating g"^^, g'^^ and -B5 , while the KK gravitinos \&" gain mass by eating "^^ 
Thus, the effective potential from the gravity supermultiplet is 



K 



SUGRA 
eff 



X V,s{L) 



a=2;'ri;rhi=0 



X V,s{L) 



a=2\fi\rhi 



(33) 



where the second term corresponds to the gravitino contribution, while the ffist term includes both 
the KK towers of 4D massive gravitons and 4D massive graviphotons (as in the cases discussed 
above, the -B" which obey Dirichlet boundary conditions and have a = 1, contribute like a (-|-, -|-) 
field with a = 2 and vanishing brane mass terms). 

Finally, we note that the radion multiplet, which contains the radion scalar itself, as well as 
-Bg, and \I^5, consists, before stabilization, of massless zero modes. As we are mainly interested 
in stabilization scenarios based on bulk field quantum effects, we take the radion multiplet to be 
massless, at leading order. Therefore, it does not contribute to the 1-loop potential computed above. 
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AVes{L;fi,mi) = — ^^-^ — wm/^j + AVcasimir(^) + const. (34) 



which only accounts for the effects of massive KK modes. The contribution of the radion multiplet 
to the radion scalar potential are then higher order in our treatment and hence ignored. With these 
results at hand, we turn to the question of radiative radion stabilization in SUSY theories in the 
next section. 

4 Application to SUSY Theories in RS 

We now consider an application to supersymmetric theories that are softly broken by boundary 
masses. As we have seen in the previous section, the contribution to the radion potential from a 
pair of superpartners (that have identical brane-kinetic terms, but may have different boundary 
masses) is proportional to AVcs{L;fi,rhi) = Ves{L)\f^^^^^Q - Vcs{L)\^^^^^, ^ where Vea{L) is given 
in Eq. ( TT2l) . This takes the form 

167r2 

Here we included a quadratically divergent contribution,^ where one can estimate that the cutoff 
A < Airk, with u an incalculable dimensionless coefficient that might be expected to be of order 
one [we absorb here the term proportional to Xjji in Eq. ( !T2|) ]. The first term can be expected to 
dominate over AVcasimir(-^) unless either A ~ /c, or one is willing to fine-tune u to small values. 
However, notice that when rhm = 0, the first term in Eq. fl34j) vanishes, and the radion potential is 
cutoff-independent at one-loop order. We consider three different scenarios: 

• High-scale SUSY breaking on the UV brane: We consider a region where L > Lt, where Lt 
is defined in Eq. ( ITSl) . so that Eq. ( fT9l) applies for the superpartner with a non- vanishing UV mass 
term. Taking for concreteness the case a = 1, so that Eq. ( 12T1) applies to the superpartner with no 
mass terms (e.g. the gauge field), we see that 

7,4 -4fcL 1 rco f>IR (^\ 

Al.c.,„„(L) « Vc.™„(L)l,,„,,.. « -^^^^^-l itt^ig^. (35) 

since the term — Vcasimir(-^)lr m gi'^^s an exponentially small contribution (suppressed by e~^'^^, as 
remarked in the paragraph after Eq. (1221) of Subsection 12.31) . This is essentially the result derived 
in Ref. [11], although here we allow for a non- vanishing rjjy. If SUSY is unbroken on the IR brane, 
the first term in Eq. flM|) vanishes, and the radion is not stabilized. Depending on the size of the IR 
BKT, which can change the sign of the integral in Eq. f l35|) . the branes can collapse towards each 
other or "run-away" . 

However, if SUSY is also broken on the IR brane, one can realize the scenario envisioned in 
Ref. [13]. In this case, the radion potential, Eq. (fT2|) . has an extremum at kL k. /3i/A — ruv, pro- 
vided /3i/A > 0, where A = {K/kfurhiR, and /3i = ^^dtt^ K^'l^it) / I^^^it)] . This extremum is 



^The sign corresponds to a gauge-gaugino (or gravity-gravitino) multiplet. For a scalar-fermion multiplet the sign 
is opposite, since the soft mass affects the scalar, which contributes with a plus sign to the radion potential. 

^The quadratic divergence is proportional to the supertrace of the square mass matrix, sTrA^^, which is non- 
vanishing in the observable sector [35]. If the model in question satisfies sTrA^^ = 0, then only a logarithmic 
sensitivity to the cutoff remains [53] ■ 
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riR 



Figure 2: P,^J,^dtt' KUt)/ii^,{t) 



as a function of fj/j for three values of m/_R. 



a minimum when both /3i and A are negative. The calculable coefficient /3i can indeed be negative 
if there is a non-negligible fiR or a sizable rhiR, as shown in Fig. |2l Obtaining a minimum with 
kL ~ 30 requires that |A| ~ 1/30, which can arise from a suppression due to rhi^ <^ 1. Note 
that having rhm <^ 1 does not mean that the superpartner {e.g the gaugino) is light, since we 
are assuming that there is a "large" source of SUSY breaking on the UV brane (more precisely, 
e^^^rhuv ^1)- In fact. Table. [T]of Appendix |A] indicates that the physical soft breaking mass is 
of order the KK scale, Mkk ~ 2 x ke~^^, although there is a region where the soft mass can be 

kL , 



parametrically smaller, of order ke /ykL. 

• Low-scale SUSY breaking from the UV brane: We now consider SUSY breaking on the UV 
brane only {i.e. rhiji = 0, so that the incalculable contribution to the radion potential vanishes), 
and focus on the case that kL ^ 1 with L ^ Lt, as defined in Eq. flTSl) {rhuv so small that 
there is a light state in the spectrum). As remarked in the discussion after Eq. fl22|) . the leading 
order contributions cancel within a given supermultiplet. We can therefore immediately obtain the 
leading effect in rhuy from Eqs. fIBUl) and (jHI]) of Appendix [B], for the various possible localizations 
of the would-be zero mode. For instance, for IR localization, < a < 1: 

^4g-2(2-a)feL 4<^muvsm\7Ta)r{ay 



AVes{L; fi, rhuv, rhjR = 0) ^ 
for the flat case, a = 1: 

AVcs{L;ri,muv,miR 



167r2 



0) 



k^e 



-2kL 



n^ 



muv 



dtt 



3-2q 






167r2 {kL + ruvY 
and for "moderate" UV localization, 1 < a < 2: 
AFeff (L; fj, muy, rhm = 0) ^ 



dtt-. 






(36) 



(37) 



167r2 r(a) [r(a - 1) + 2ft/yr(a)] [1 + 2fuv{a - 1)] 



dtt 



2a^ 






(38) 
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For a > 2, one also obtains AVes{L;ri,muv,^iR = 0) ~ e~^"^-^. Note that the warp factor 
dependence is the same for a = 1 + 6a and a = 1 — 6a, for any 6a, although the coefficients do not 
exhibit this symmetry. In the above formulas it is understood that rhj^ = in K^^ and I^^. It 
is clear that these potentials do not have a minimum by themselves. Nevertheless, note that from 
the point of view of the warp factor dependence, the case a = 1 gives the largest contribution. 
Furthermore, notice the "double- volume" suppression in Eq. fl37|) . These properties are important 
when there are other quantum mechanical sources of radion stabilization [11]. We also point out 
that the coefficient of Eq. fl37|) can have either sign, since for instance 



°°, Ki^Jt) +0.63 ioi fin = 

dtt "-^^ ' -^ { . 39 

li^iit) [ -0.10 forf,« = l 

We now turn to the last scenario we wish to consider: 

• SUSY breaking from the IR brane only: When rhuy = 0, but rfi//? ^ 1, the effective potential 
is determined by the term linear in rhj^ of Eqs. (120|) . (I2T]) and ( 122|) . For instance, in the case of a 
vector multiplet with a = 1, and for /cL :^ 1, we have 



A^-ikL 



AVcs{L; fi, rhuv = 0, rhjR) 
where [we set rhjn = in l(^{t)^] 



k^e 



r-^ 



167r2 



■umiR 



k'^ kL + fuv 



(40) 



oo 



t^ 1.26 forf,fl = ^ ^ 

BiR = / dt-^ > < 41 

Jo li^'itf \ 0.48 for fiR = l ^ ' 

is manifestly positive. In fact, for arbitrary rhiR the Casimir energy part of the potential (i.e. 
the difference between Eq. (|2T|) at rhiR = and the same expression at arbitrary rhjR) is always 
negative. Thus, if u < this potential does not have an extremum in the physical (positive) 
region for L. However, if m > the effective potential exhibits a maximum. It follows that the 
contribution due to matter hypermultiplets with a = 1 (which has an overall minus sign relative to 
the gauge case, see footnote [5]) has a minimum. Hence, a model with more matter degrees of freedom 
(with a ^ 1) than gauge degrees of freedom can stabilize the size of the extra dimension through 
these quantum effects. However, for this minimum to be at fcL ^ 1 (for self-consistency with 
the above approximations), one must have uh? /k"^ <^ 1. For small kL, where fields with different 
localization parameters a can give comparable contributions to the radion potential, stabilization 
may be possible as in the flat S^ /Z2 orbifold case [30] . 

5 Conclusions 

In this work, we examined the use of supersymmetry to control vacuum energy contributions to 
the radion potential. Our analysis included UV- and IR-brane-localized mass terms, to implement 
soft supersymmetry breaking, as well as localized kinetic terms. We found that UV-brane breaking 
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of supersymmetry leads to a diminished Casimir energy contribution to the radion potential, both 
through the size of the soft terms, as well as through an additional volume suppression. This finding 
may be useful in constructing models where dynamical EWSB induces a non-trivial radion potential 
that is protected from unwanted large corrections, thus tying the Planck-weak scale hierarchy to 
the dynamics of EWSB itself pjj. As another possibility, we studied the question of quantum 
radion stabilization by bulk fields (without VEV's). Stabilizing the radion at /cL S> 1 through the 
quantum effects studied in this paper requires that SUSY be broken on the IR brane. If in addition 
SUSY is also broken on the UV brane, the radion stabilization mechanism by flat fields of Ref. [13] 
can be easily realized, provided the sign of an incalculable contribution is favorable. Our results 
are sufficiently general to be applicable to fields of arbitrary spin, and obeying arbitrary boundary 
conditions, and can be expected to be useful also outside the SUSY context. 

Note added: After posting the initial version of this work, we found that some contributions 
were missing in our brane-tension renormalization. These contributions signal that, absent exact 
supersymmetry, quantum corrections to brane-tensions are not well-defined in our effective theory, 
as may also be inferred on general grounds. We have clarified this point in the new version and 
removed discussions dealing with brane-tension renormalization, since they do not affect our main 
conclusions outlined in the abstract. 
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A Scalar Fields with Brane-Localized Terms 

In this appendix we collect, for reference, various details of the KK decomposition of a scalar field 
with arbitrary localized terms. We also give approximate analytical expressions for the lightest KK 
mass and the corresponding KK eigenf unction. 

A.l KK Decomposition 

The action of Eq ([2]) for the scalar field, $, is supplemented by the boundary conditions 

{dy^ - Mo^ - ruvO^)\y=o = , {dy^ + Ml^ + e'^^'^riRn^)]^^^ = , (42) 

where □ = ri'^'^d^d^. We write the KK decomposition for $ as 

$(a;^y) = ^f^0"(x'^)/„(y), (43) 
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where we pulled out an explicit factor e^^ for convenience. The 0" obey the Klein-Gordon equation 
(n + 771^)0" = 0, while the KK wavefunctions satisfy 



and are explicitly given by 

fniy) = A^e'y m^^'') + BnY^i^e'y) 
where a was defined in Eqs. ([5]) and ([6]), and An is a normalization constant, determined from 



dyfn{y)fm{y) = S„ 



In terms of the definitions ([6]) and flTOj) . the boundary conditions of Eq. fj42|) . become 



[«-!) + buv I -TT 



m^ 



kfniO) 



rrir 



[a-l)-bm{'-fe'^) kUL) 



(^yJn\y=L 

which determine the constant Bn in Eq. (HSl) and the spectrum m„ according to 

where we used the definitions ([HD and ([2]) for J^^, J^^, F„^^ and f^f^. 
A.2 Lightest KK Modes 



(44) 

(45) 
1 

(46) 

(47) 
(48) 



(49) 



The second equation in fH^ determines the mass eigenvalues 7T2„. In particular, when m^/y = 
^T^iR = 0, one finds that itlq = is a solution. For non-zero but small irtjjv or miR there is an 
eigenstate with mass ttiq ^ ke~^^. In this limit we can also obtain the approximate profile for the 
light mode by setting m^ ~ in Eq. (jH]), which is then solved by 



h{y) 



2kL{l 



a] 



,2(l-a)kL 



^{l-a)ky 



(50) 



where we also imposed the boundary conditions Wf\\ and fj48|) with rrtuy = rrijji = 0, and normalized 
according to Eq. f H6|) . We see that this is the same profile as that for a zero- mode fermion with a 
bulk Dirac mass M = ck, where c = a — 1/2, and in particular that the state is localized near the 
UV (IR) brane for c > 1/2 (c < 1/2). The case c = 1/2 corresponds to a flat profile, fo{y) = 1- 

We can obtain an analytical approximation to the mass rriQ when rriuv or "^/i? are small, by 
using the small argument approximation for the Bessel functions. In Table [H we summarize the 
results for mo/{ke~''^) for the cases a > 1 (i.e. c > 1/2), a = 1 (i.e. c = 1/2) and a < 1 (i.e. 
c < 1/2) when one of the UV or IR brane-localized masses is non-vanishing, but the other one 
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^TT-uv 7^ and mjn = 



muv = and mju ^ 



a > 1 (i.e. c > 1/2) 



a = 1 (i.e. c = 1/2) 



a < 1 (i.e. c < 1/2) 



4Q,g2fcL^^^ 



oIkL 



muv + ^a/ia - 1) 



4g2fcL^^^ 



:,2afcL 



4g^g2afcLj^^^ 

m(7y — 2a/(a — 1) 



4a(a — l)m/_R 



-a(2 + m//j) + (2a + m/R)e2("-i)'=^ 



4m//j 



2{2 + mjji)kL -rhiR 



U (l - Q;)mjfi 
2 + ?fi/^ 



Table 1: Would-be zero mode mass, mo, in units of ke 



-kL 



vanishes. For simplicity, we set the brane kinetic terms to zero. We see that for non-vanishing 
muvi the criterion for these solutions to be valid (that they be small compared to ke~^^) requires 
that e^^^rhuY be small when a > 1, while for a < 1 one needs e^'^^^mjjy <^ 1. This is related 
to the transition length Lt defined in Eq. f lTSj) . Note also that when miR ^ and a > 1, mo 
is exponentially small compared to ke~''^, as long as kL ^ 1, due to the UV-localization of the 
corresponding wavefunction. 

B Simple Expressions for the Radion Potential 

In this appendix, we derive an analytic approximation to the radion potential that is sufficiently 
accurate for most apphcations and exhibits the radion dependence explicitly. We focus on the 
Casimir energy piece, Eq. ( 1T3l) . that we reproduce here for easy reference: 



Vc 



Casimir 



(L) 



k^e 



-ikL /-oo 



167r2 



dtrln 



^ _ Kp{t) /r(te-^^) 



IlR{t) Kuy{te-^L) 



(51) 



Note that the integral receives the main contribution from the region < t < few as a consequence 
of the asymptotic behavior of the "IR factor" 






rhiR - t + fiRr _2t 

'— o ^^ 

miR + t + tjrV 



as t — 7- oo 



(52) 



which implies that the integrand in Eq. f lSTj) tends to zero exponentially for t > few. It follows 
that, for e^'^^ ^ 1, we can approximate the "UV factor" in Eq. flSTl) -which contains the radion 



15 



dependence- by ^ 



kuy{te- 



■kL\ 



4 



[a] 



T{a + 1) Q{a)T{a - l)^ + 2T{a) {fuvt^ + e^^^rhuv) 



,2a 



(I e-^^y fuvf^ + e'^'^^irhuv - 2a) 



(53) 



where Q{a) is the Heaviside step function (unity for a > 0, vanishing for a < 0), and 

for < |a;| < 1 
for 1 < « < 2 



[a = 



2n csc(na) 



acsc TTo; 



ruvf^ + e^^^ {rhuv - 2a) 



(54) 



for a > 2 

The cases a = and a = 1 (and their very close vicinity) require special treatment: 
/^Jo(^e-^^) (1/2 - ruv) [te-'^^f - rhuv 



KHY^ite-^^) 



^a=0 
jUV 



lite 



-kL\ 



KUte-^^) 



1 + mc/y [A;L-7£;-ln(t/2)] 



1. kL\^ fuvt^ + e^''''{muv-2) 



-,{te- 



[kL + fuv -IE- ln(t/2)] t2 + e'^^^rhuv 



(55) 



(56) 



while for a < —1, the "UV factor" is ruv and mj/y-independent, and simply equals (2/7r) sin(7ra). 
The cases were a is a negative integer, — n, should be understood as the limit a — )■ —n. Eqs. (l53ll - 
( l56l) can be used as a starting point for further approximations that hold in different regimes of L. 
In particular, taking into account that t is always of order one in the relevant region of integration, 
these expressions indicate that there is a transition in the L dependence of the potential according 
to whether L 3> Lt or L ^ Lt, where Lt is determined by rhuv according to Eq. flTSj) of the main 
text. 

For L ^ Lt (i.e. e^^^rhuv ^ 1), the second term in the denominator of Eq. ( l53l) can be 
approximated by (| e"'"''^) [2m;7yr(a)r(a + 1)] / [m(7y — 2a]. It follows that for a > this 
second term dominates over S(a), while for a < the S(a) term dominates. We then see that, for 
a > 0, the argument of the logarithm in Eq. flSTj) differs from unity by order e'"^""^^ / rhuv ^ 1? and 
we can also safely Taylor expand it. Therefore, we can write for L ^ L^: 



' Casimir 



fe4g-2(2+a)fcL 2{muv " 2a) 
16^^2 22"mc7yr(a)r(a + 1) 



dtt 



3+2a -^a \t) 

iLHt) 



(57) 



^We only use the leading order small argument approximations for the modified Bessel functions: 

— 7_E — In {x/2) , for 71 = 



hix) 



1 /■x\" 
TT) UJ ' 



r(n + i) 



Kn{x) 



r(n)(f)- +r(-n)(f)' 

ir(H)(f)-i"i , 



for < |n| < 1 , 
for Inl > 1 . 
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which also holds for a = 1, while for a 



TAa=0 
^ Casimir 



k^e 



-4fcL 



one can use 

muv 



167r2 \^muv{kL — ^e) 



°° zK%^) 



dtf^. 



li^oit) 



(58) 



Here, for simplicity, we neglected the ln(t/2) term in Eq. (!55|) . which introduces a modest error (it 
is easy to keep it under the integral for numerical evaluation, if necessary). For negative index, 
when the S(a) term in Eq. (153 p dominates, we have instead 



Vr 



a<0 
Casimir 



k^e 



-4kL 



167r2 



dt t^ In 



2sin(7ra) Ki^it) 



TT 



I'J'it) 



(59) 



In the complementary regime, L <^ Lt-, we need to distinguish several cases. Keeping up to 
linear order in rhuy, we have that l]^^ {te~^^) / K^'^ {te~^^) can be approximated by 



-,-2fcL 




2fuv)t' 



muv 



sin(7ra)r(a)2 

'hi 



-2a 



1- 



e TTT'UV 



e^'^^rhuv 



for a = 



for < lal < 1 



kL + ruv -IE- ln(t/2) 

2g-2(a-l)fcL /^ 

T{a)[T{a-l) + 2fuvT{a)] \2 

2g~2(a-l)fcL 



t^{kL + ruv-lE-Ht/2)) 



2{a-l) 



2(a - l)e"''^muv 
t2[l + 2ft/y(a-l)]J 



2{q-1) r 



1- 



2{a - Vje^^^rhuv 
t2 [1 + 2ruv{a - 1)] 



for a 



for 1 < a < 2 



for a > 2 . 



(60) 



When a > 0, these approximations assume that t^ ^ e^^^rhuv (for a > 1) or t^" ^ e^°'^^'muv (for 
< a < 1), and therefore they fail for very small t. However, due to the t^ factor in Eq. (1511) the 
contribution to the integral from the small t region is negligible, and the above approximations can 
be used everywhere. One can see from the above expressions that the "UV factor" is very small 
compared to unity for a > 1. Therefore, one can expand the logarithm in Eq. ( ISTl) as was done in 
the large L region, so that for L <C Lt and a > 1: 



Vcasimir(-^) 



k^e 



-ikL 



IGtt^ 






(61) 



where I^^ (te~''^) / K^^ (te~''^) is replaced by the appropriate case in Eq. ( l60|) . In fact, this expres- 
sion gives reasonably accurate results even for < a < 1. For a < 0, one can use Eq. ( l59l) since 
the term linear in rhuv, which is non- vanishing only for — 1 < a < [second line of Eq. ( 160|) ]. gives 
an exponentially small correction. Specific applications that can be easily derived from the above 
expressions are further discussed in the main text. 
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